
Measure Theory with Ergodic Horizons
Lecture 26

Hahn DecompositionThoem. For any signed measure s on ameasurable space (X, 1)

them is a partitiou X = X+ UX -, XIEB , such that 31x
,

and -3lx
:

are measures .

Proof of Haha decomposition. We need to partition X into purely positive and punels
regative parts . Assume WLOG that 320 .

Claim
. Every non-mull positive set PEX contains a non-null purely positive not REP

with 3(4+ = 3(P720.

It remains to collect all purely positive sets into one via = measure exhaustion.

Given pairwise disjoint sequence (Pilian of purely positive sets
,
we obtain let

Pro be at largest purely positive out disjoint fromPi
,
i
.
e.

3 (in) [inphi(P) : PEX/UP: is purely positive).
Mus

,
we obtain a requence (Punew of purely positive disjoint rets , so

X+:
= VPu is purely positive. Recall that 3(X1) >& by our assumption,

heave
ne

((Pul) is summable
,
in particular MIPu) ->0. This implies that

X- is purely regative : if there were a non-wall positive not PEX-
,
Ken



the Claim would give a purely positive non-all net Pt-P and taking
a large enough n

,
we'd have 3(Pu) < Es(pt) , contraclicting the

choice of Ph

Remark
. By definition

,
a signed measures doesn't attain the value + & or-8

,

how

ever the fact that 320 doesn't immediately imply that 3 is bounced

above. Nevertheless
,
the Hahn decomposition implies this .

Indeed :

3(x -) = 3 = 3(X +) .

We are new ready be prove the key lemma towards the Radon-Nikodym theorem.

- actually ,
enough to assumeo is finite anda is -finite

Lemma
.
Let he and s be finite measures on a measurable space

(X
,
B)

.
Then

either:1 v

or : Ma > 30/n for some 230 and repositive measure at At B.

Proof
.

Let 3. := t .
Let X = PuLINu be a Haha decomposition for

the signed measure -Su . r
.

If PVPu is -nonnall
,
we are done become

Y

then In such Kat Pr is 0-nonmall
,
heace Mph-Su0lp is a

nonzero (unsigned) measure on Pr
,
10 Alp

.

- EnUph ,
as desired.

Thus assume bet o(p) = 0. It remains to observe that N : = X 1 P = 1 Nu
L n

is M-mall (and hence M1r) : MSN) = MINa)=n0(Na) = Env(X) -> 0.
n -> &



Now we decuce the Lebesquels and the Rachon-Nikoty-Theorems combined:

Lebesgere + Radon-Nikodym Theorem . Let & and o be -finite measures on a

measurable space (X, 23). Then M
= U +

No ,
where No 10 and f : X +00

,
03 is a non-

regative B-measurable function . (Recall that G(B) := Sfor) This function f
isuuphratWheM,Mo tunel

I

Proof. The uniqueness is HW
,
so we prove existence. As usual

, by writing X= HXu,
u

where each XIEB and is both band o finite
,
we may restrict to each

Xu
,
so assume WLOG that bol ge ando are finite measures.

We himho find a desired function f as follows : Let

F : = (f : x +> 10
, &3 : fin B-measurable and M=Uf).

Claim
.
EFE5ach Wantdo = suphgdo : gEE) .

Pf
.
NoteMut DEF and E is closed under (finite) max : F

,ge5 then

max (f , g)tE because Mlegy - Velyergy and Magnes" Uglyeefs

let freF so that him Stude = suphgdo : ge =) = M(x) < &. Replacing
u

eachEnwith max (fo,.., ful , we was cacome Net (ful is increasing,



Then for linfe exists and by the MCT
,
Side = him Stude = M(B),

V B"B
so FEE and Stev = lin Stude = suphydr : gEES .

((kin)
Y nX

Now let No : = M-V and we show that Not 0. Indeed
, applying the

previous lemma to l and 0
,
we see that if No0 ,

New <30

and a venonwall AEB sach let Mola = S . old .

But then f + 2 . /A

contradicts the choice of F : N-ULEVIA ,
10 M =V11 ,

have +2latE
but (fdr < S/+EIn do

,
a contradiction.

X X

Cor
.
let m ,

o be definite measures on a measurable space
(X
,
B) and

suppose Mar.

Then for any
Bemeasurable

g
: X+ IR that is -integrable or mon-

negative , we have

19dm = Sg. . (t)

Proof
. By def

,
we have (4) for all indicator functions Ap ,

BEB
,
here

we have it for all simple functions by linearity ,
here all B-recurable

non-negative functions by MCT, here all integrable functions

by decomposing into a difference of non-negative functions .

Cor (Chain rule)
.

Let M ,
2
,
3 be definite measures on a measurablepare (X, B).



If MC0 and UCS
,

Ken M233 and Ar , de

Proof
. By the mineuen of Radon-Nikodga derivatives

,
we just need to

show he Am . Ar satisfies the defining property ofh ,
ieto

M(B) = (d
for all BEB

.

But previous arollary

M (B)=d
Cor

.

let m ,
so be definite measures on a measurable space

(X
,
B)

.

If Moo , then

= (i)
Proof

.

Follows from the chain rule applied to Man :

==
Remark. Why call the Radon-Nikodym derivative aderivative ? It's a HW exercise

to show but if a distribution F of a locally finite Bonel measure u on IR

is continuously differentiable, thenM = F ,
where x is Lebegue measure


